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Abstract 
Hoa, L.T., On minimal free resolutions of projective varieties of degree = codimension + 2, 
Journal of Pure and Applied Algebra 87 (1993) 241-250. 
A theorem on the structure of minimal free resolutions on non-degenerate projective varieties 
of degree = codimension + 2 is established. If such a variety is arithmetically Cohen-Macaulay, 
we can describe its minimal free resolution completely. 
1. Introduction 
Let X be a non-degenerate (reduced and irreducible) variety of Pz, where k is 
an algebraically closed field of arbitrary characteristic. Then deg X 2 codim X + 
1. The structure of X is quite well understood if it is of minimal degree. It is 
therefore of interest to ask about the structure of X when deg X = codim X + 2. 
Related to this problem we would like to mention the classification theory of 
Fujita for projective varieties of A-genus zero and one (see, e.g., [3]). Jointly with 
Stiickrad and Vogel we have given in [5] another approach to study such varieties. 
In particular, our approach sheds some light on the structure of the singularities 
of x. 
This paper is a continuation of [5]. The goal is to study the following problem 
posed in that paper. 
Problem. Describe the minimal free resolution of a non-degenerate variety of Pi 
with dim X 2 1 and deg X = codim X + 2. 
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Unfortunately we are not able to solve the problem, but our main results below 
give some information on a possible solution. For a subscheme X of Pi let 
A = R/Z(X), where R = k[x,,, . , x,,] and Z(X) is the defining ideal of X. Set 
p = pd(A) the projective dimension of A and c = codim X. 
Theorem 1. Let X be a non-degenerate subvariety in Pi of dim X 2 1 and 
deg X = codim X + 2. Assume that X is arithmetically Cohen-Macaulay. Then the 
minimal free resolution of X is 
o+ q-p - 2)-? R”P-1(-p)+ /p-‘(-p + I)+. . . 
-+I?“‘(-2)+=R+R/I(X)*O, 
where 
Theorem 2. Let X be a reduced, pure-dimensional and non-degenerate subscheme 
in lP’z of dim X 2 1 and deg X = codim X + 2. Assume that X is connected in 
codimension one. Then X has a minimal free resolution of the form 
o* R(-p - 2)+ z+‘(-p - l)+. . . 
~R”‘+‘(-c-~)~R~~(-_c-~)~R”~(-c-~)~... 
-+ I?“](-3)@ P-2)+ R+ R/L(X)+ 0, 
where 
(y- c+l I- i 1 2 -(p+l-c), 
pj=(!r::) forcsisp, 
@,S(L!::) for lzisc-1, 
and 
a, - p,_, = (c + 1) i ~c)-(iS,)-(p~lJ for2ciSc 
The proof of these theorems will be given in Section 2. The key point in solving 
our problem is the knowledge of Castenuovo-Mumford regularity of X [S]. This 
has been successfully applied to several cases, see [2, Section 11, [7] and [8]. In 
Section 3 we consider the case of projective curves. In this case, under the 
additional assumption char(k) = 0, we can use the general position lemma of [4] 
in order to give more information about cy, and /3,. 
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2. Proofs of the main results 
Before proving the theorems we recall some notations and basic facts. 
Let A = @,=,, A, be a graded k-algebra, i.e. A,, = k and A is generated as a 
k-algebra by A,. We can always set A = k[x,,, . , x,]lI, where II + 1= rank,A, 
and I is a homogeneous ideal of the polynomial ring R := k[x,, . , , xn] in n + 1 
indeterminates of degree one. For an arbitrary graded A-module M = BiEz M,, 
let [Ml, denote the ith graded part of M, i.e. [Ml, = M;. We denote by M(p) the 
graded A-module whose underlying module is the same as that of M and whose 
grading is given by [M(p)], = M,,, for i E Z. Then A, as an R-module, has a 
minimal (graded) free resolution of the kind 
“P I 
O+$Wpi)-. ..+kR(-e,i)+R-+A-+O, 
where e,, 5 e12 5. . . zs e,, , j = 1, . . , p. 
Let P = @,,,, A denotd the irrelevant maximal ideal of A. The local cohomolo- 
gy module N:,(A) of A is a graded A-module. 
Definition (see [6, 71). The Custelnuovo-Mumford regularity of A is the number 
reg A = min{m: [H>(A)], = 0 f or all integers i, j with i + j > m} 
This notion was introduced by Mumford and in some papers it is also called the 
Castelnuovo’s regularity of A. Note that (see, e.g., [2]) 
regA=max{ej,,-j: j=l,..., p}. 
Let H(t, A) = rank,[A], and h(r, A) be the Hilbert function and the Hilbert 
polynomial of A, respectively. The PoincarC series of A is defined as follows: 
F(z, A) = 2 H(t, A)z’ 
IZO 
From now on let XC pi be a reduced, pure-dimensional and non-degenerate 
subscheme of dim X 2 1 and deg X = codim X + 2 which is connected in codimen- 
sion one, i.e., X\Y is connected for every closed subset Y of X with 
codim(X, Y) > 1. Let A = R/Z(X) be the homogeneous coordinate ring of X. We 
set d=dimA=dimX+122, r=depthArl andp=pd(A)=n+l-r. 
Lemma 3. We have: 
(i) reg A = 2. 
(ii) h(t, A) = (n + 3 - d)( ‘:“;‘) + (‘y;‘) - (‘:r,‘) , 
where we set ( X1 ) := 0 for a non-negative integer x. 
(iii) H,(A) = 0 for i # r,d, and if r = 1 then H;(A) z k(-1). 
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Proof. For (i) and (iii) see [5, Theorem A]. For (ii) see [5, Theorem 31. q 
From Lemma 3(i) we immediately get the following result. 
Lemma 4. X has a minimal free resolution of the form 
Lemma 5. For the Poincare’ series of A we have 
F(z, A) = (l+ (c + l)z - z(1 - z)“=+‘)l(l- z)” 
Proof. By Serre’s formula (see [9, the proof of Lemma 1.4.31) we get for all t Z- 1: 
H(t, A) = h(t, A) + i (-l)‘rank,[Hi,(A)], 
i=l 
= h(t, A) - rank,[Hb(A)], (since reg A = 2) 
h(1, A) - 1 if t = 1 and r = 1 
= h(t, A) i otherwise (by Lemma 3(iii)) . 
For any non-negative integers a and b we have 
The latter sum is the (a + b)th differential of the sum z,z-O z’ = 1 /(l - z). Hence 
NOW let r > 1. Using Lemma 3(ii) we get (note that c = n + 1 - d and p = 
y1 + 1 - r). 
F(z,A)=(c+2) c (“,“;‘)z’+c (tfdd;2)z’ 
f?O rzo 
-g’:z3k 
1 
= (c + 2, (f ” zjd + (1 _ Zjd&l - (1 -;,r-1 
= 1+ (c + 1)z - z(l- Z)PP”+’ 
(1 - z)” 
The case r = 1 can be proved similarly. 0 
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Lemma 6. X has a minimal free resolution of the form (*) with 
and /3,, = 1. 
Proof. Since the Poincare series is additive on short exact sequences, from (*) and 
the formula F(z, R(-q)) = z’/(l - z)~+’ we get 
‘(~3 A) = i (-I)‘[ Pi (1 ~‘~~n+~ + 01, 
i+1 
1 
1 
i=l 
(lfr)“” + (l-Z)n+’ . 
Hence, by Lemma 5 we obtain the equality 
1+ i: (-l)‘(p,Zi+* + aizi+l) 
,=I 
= (1 - z)‘[l + (c + 1)z - z(l- z)p-c+‘]. 
Comparing the coefficients of both sides we then get the desired relations between 
ai and pi. In the computation we have used the following formula, 
c (;)(f)=(“;“)~ 
r+j=y 
where a, b, q are non-negative integers. 0 
Remark. Conversely, let Y be a reduced, pure-dimensional and non-degenerate 
subscheme of dim Y 2 1 which is connected in codimension 1. If Y has a minimal 
free resolution of the form (*) with the relations between (Y~ and p, given in 
Lemma 6, then deg Y = codim Y + 2. The proof is easy: from these relations 
we can see that the Hilbert polynomial of A is the same as given in Lemma 
3(ii). 
Proof of Theorem 1. Assume that X is an arithmetically Cohen-Macaulay variety 
(so p = c). Then, by [7, Corollary 161 or [5, Theorem B(iv)], X is arithmetically 
Gorenstein. From Lemma 6 and the symmetry of the minimal free resolution of A 
it follows that ~yr, = 0, p,_, = 0, cyp_, = cu,, p, = /3,-i = 0 and so on. It turns out 
that all p, = . . . = p,_, = 0. Hence we obtain for all 15 i 5 p, 
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as required. 0 
Remark. In the case X being an arithmetically Cohen-Macaulay subvariety we 
deduce from Lemma 5 that A is a short graded algebra in the sense of [l]. Since A 
is Gorenstein, the proof of Theorem 2.4 in [l] gives that A is an extremal 
Gorenstein algebra according to the definition given in [S]. Applying Theorem B 
of [8] we then get the same resolution as in Theorem 1. 
Let us denote by H”(A) = 1% Horn, (P’, A) the Serre cohomology of A. 
Analyzing the proof of [5, Lemma 111 we get the following lemma: 
Lemma 7. Assume that depth A = 1. Then H”(A) is a Cohen-Macaulay A- 
module with dim H”(A) = d. Moreover, H”(A) has a minimal free resolution of 
the following kind: 
o+ @q-c - l)+. . .+R”‘(-2)* R@ R(-l)+ H”(A)4 . 0 
Remark. Assume that depth A = 1. By [5, Lemma 111. Extff(A, R) has a minimal 
free resolution of the kind 
where p, = A,._,. We can even compute these Betti numbers h,, pi as follows. 
In the proof of (5, Lemma 61 (see the exact sequence (6) given there) we have 
an exact sequence O-+ A --, H”(A) + k(- 1) -+ 0. By Lemma 5 and the additivity 
of Poincare series we get 
F(z, H”(A)) = (1 + (c + l)z)/(l - z)” 
Using the above lemma we get another expression for F(z, H”(A)). Comparing 
both formulae of F(z, H”(A)) we then obtain 
for 1 i i 5 c. 
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Proof of Theorem 2. (1) Note that if A has a minimal free resolution of the type 
“P 
O+~R+?,;)--,~ .-~~R~li(-e,,)jR~A~O, 
where dj,?l and e,,<ej2<...<e,, ,, then d,; = dim,[TorT(k, A)J,,,, for all 
j=l,..., pandi=l,...,ni. 
(2) Reduction to the case depth A = 1. Let I,, . . , I”_, be generic linear forms 
of [RI,. Set 
B := A/(1,, . . . , 
and 
/,_,)A = R/(1(X), I,, . . . , 
S := R/(1,, . . > I,-,)R = k[y,, . . . 3 yn_,+,l . 
By [5, Lemma 41, B is again a pure-dimensional and reduced graded k-algebra 
with the following properties: depth B = 1, Y = Proj B C I!?$-“+’ := Spec(S) is 
connected in codimension 1 and deg Y = codim Y + 2. Moreover, by [5, Lemma 
217 
Torp(k, A) zTorf(k, B) for i z 0. 
Hence, one can additionally assume depth A = 1. In this case A is a Buchsbaum 
ring of a very special type: H’,(A) = 0 for i # 1,d and HL z k(-1) (see Lemma 
3(iii)). 
(3) Let depth A = 1. Then the short exact sequence 
O-+ A- H”(A)+ H;(A) = k(-l)+O. 
yields, by Lemma 7, isomorphisms 
Torp+,(k, k(-1)) zTorp(k, A). (1) 
for i=c+l,. . . , p, and an exact sequence 
O+Torp+,(k, k(-l))-+TorF(k, A)+TorF(k, H”(A))-+. . . 
--tTort(k, k(-l))+TorF(k, A)+TorF(k, H”(A)) 
-+Tory(k, k(- l))--------90 (2) 
Analyzing the proof of the claim on p. 219 of [5] we get the epimorphism 
Torf(k, HO(A))*Torf(k, k(-l))+O, 
I,-,)R 
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i.e. we can fill in the exact sequence (2) with the last arrow. Note that 
Tor”(k, k(-1)) z k”:‘)(-i - 1) 
(because p = n). Hence, by Lemma 4 and and isomorphism (l), we obtain 
. . . = (Y 
;:” 7:;; ), P 
=O, and j3,=(yzrr ) for c + 15 i ‘: p. By Lemma 6 we also have 
Further, the exact sequence (2) at the degree i + 1 gives the following exact 
sequences 
Hence 
&y) for lsisc. 
By virtue of Lemma 6 the proof of Theorem 2 is completed. 0 
3. The case of curves in tF’” 
In this section, let X C IFo;l be a non-degenerate, reduced and irreducible curve 
with deg X = codim X + 2. By [S, Theorem B], X is either arithmetically Cohen- 
Macaulay or arithmetically Buchsbaum. In the first case, Theorem 1 gives a 
minimal free resolution of X. In the last one, by Theorem 2, X has a minimal free 
resolution of the type: 
o-+ R(-n - 2)4R”+‘(-n - l)@R”“_‘(-n) 
-+ j@-?(__)@R%-2(_. + I)+. . . 
-+ Rp’(-4) @ R”?(-3)+ Rp’(-3) @ R”‘-2(-2) 
+R+A+O. 
Here we will give some more relations on cyi and p, when char(k) = 0. 
Proposition 8. Assume that char(k) = 0. Then (Y,_~ = 0, PnPZ = (y ) and pi 5 (y ) 
.for liisn-3. 
Proof. Let 1 be a generic linear form of R. We consider 1 also as an element of A. 
Then 1 is a non-zero divisor of A. Set S:= RIlRz k[y,, . . . , y,_i]. Since A is a 
Buchsbaum ring, B := A/IA is also a Buchsbaum ring. Set C:= AI(lA : (I’)), 
wherelA:(P):={x~A:~P”~1Aforsomen~O}.By[5,Lemma4],Cisthe 
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homogeneous coordinate ring of deg X = n + 1 points in Pi-’ := Spec(S). Since I 
is a generic linear form and char(k) = 0, by [4, Lemma 2.131, these points are in 
general position, i.e. no II. points among them are lying on a hyperplane of PI-‘. 
By [5, Theorem C], C has a minimal free resolution of the type 
o-+ S(-n - l)+ F-‘(-n + 1)-P p-‘(-!I + 2)-. 1. 
+ P(-2)+ s3 c-to ) (3) 
(in [5] all 3: are computed explicitly, but here we do not need it). On the other 
hand, from the exact sequence 
O* A(-l+ A-+B+O, 
and the formula H;(A) 2 k(-1) we obtain 0, : III = H::,(B) z k(-2), where 
m : = PB. Hence 0, : nt = Icy for some y E R of degree 2 ( j denotes the image of 
y in B). Since B is a Buchsbaum ring, we have 
C = AI(ZA : (P)) = B/(0, : (m)) = B/(0, : m) . 
Hence we get the following exact sequence O* k(-2)A B+ CL+ 0. Since 
Torz(k, C) = 0, this sequence induces the exact sequence 
O+Tori_,(k, k(-2))*Tor;l‘_,(k, B)-+Torf_,(k, C) 
+ .*.-+Torf(k, k(-2))*Torf(k, B)-+Torf(k, C) . (41 
Let us first consider this exact sequence at the degree i + 2 for 1 I i 5 n - 2. 
From (3) we then obtain the epimorphism 
[Torf(k, k(-2))lj+,--+[Torf(k, B)]i+2-+0. 
Since Torf(k, k(-2)) E k”‘(-i - 2) and k” z [Torp(k, A)],+2 z [Torf(k, B)Ji+* 
(by [5, Lemma 21) we must have 0, % ( 7). 
Now, considering the exact sequence (4) at the degree n we deduce from (3) 
that 
[Tori- ,(k, B)],, z [To&, (k, k(-2))],, = 0 . 
As above it then follows that (Y,_, = 0. Hence, by Theorem 2, Pnpz = ( Z >, as 
required. 0 
Corollary 9. For a non-degenerate, reduced and irreducible curve XC p; with 
degX=codim X+2 and char(k) =O, Z(X) LS minimally generated by exactly 
(; ) - 2 quadrics and SII cubits. 0 
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